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Abstract
As any category Gp(E) of internal groups in a given category E, the category Gp(Top) of topo-
logical groups possesses the strong algebraic property of protomodularity which carries intrinsic
notions of normal subobject and of centrality. Here we explicit and investigate these intrinsic notions
in the category Gp(Top). We extend these results to any category TopT of topological semi-Abelian
algebras.
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0. Introduction
Besides the fact that the forgetful functor U : Gp(Top) → Gp has very good properties,
the category Gp(Top) of (not necessarily Hausdorff) topological groups inherits many al-
gebraic aspects of the category Gp of groups on the account of sharing with it the property
of being protomodular, a conceptual context [8] within which there is, among other things,
an intrinsic notion of normal subobject and of centrality. Of course, in this context, any
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kernel maps. Since, moreover, Gp(Top) is regular [2], there is an internal notion of exact
sequence, and consequently [9] (but more surprisingly) all the classical homological lem-
mas (short five lemma, Noether isomorphisms, 3×3 lemma, or even snake lemma) do hold
in it. In that way, although the category Gp(Top) contains some objects absolutely without
topological interest (as the indiscrete topological groups for instance), it appears to have
much better global properties than its (more usually considered) subcategory of Hausdorff
topological groups. Moreover, the presence of these uninteresting objects allows us to mea-
sure or to characterize some very interesting properties inside Gp(Top) (see Corollary 1.2,
Remark 1.2 and Proposition 4.4 for instance).
Beyond the topological characterization of the normal subobjects (Proposition 3.1), we
shall focus our attention on three points dealing with this protomodularity condition:
(1) Given (G,TG) and (K,TK) two topological groups, the topological product is not only
the weakest topology with respect to the continuity of the two canonical homomorphic
projections:
G ← G ×K → K
but also the finest topology with respect to the continuity of the two canonical homo-
morphic injections:
GG × KK.
(2) Given (G,TG) a non-Abelian topological group, and I a normal subgroup of G, we
shall list, at least in the particular case of clopen topological groups, all the topologies
TI on I , such that
(I, TI , ) (G,TG)
becomes a normal subobject in Gp(Top). More precisely, there are as many topologies
as normal subgroups J of G satisfying: [I, {1G}] ⊂ J ⊂ I ∩ {1G}.
(3) Any pointed regular and finitely cocomplete protomodular category C being given, it
is possible to develop an intrinsic commutator theory, see [10,12,11]. When moreover
C is exact, we have always, for any pair of objects (X,Y ) of C the classical inclusion
[X,Y ] ⊂ X∩Y (again [10,11]). Here we shall exhibit the category Gp(Top) as a coun-
terexample to this inclusion in the regular (but non-exact) context. This was the initial
aim of this work.
A last section shows that all the results of this article, except the specific characterization
of normal subobjects, extend from topological groups to topological semi-Abelian algebras
in the sense of [4], among the main instances of which there are the topological rings.
1. The category Gp(Top)
Let Gp(Top) be the category of (not necessarily Hausdorff) topological groups. We shall
gather here the main categorical facts. First, the forgetful functor U : Gp(Top) → Gp is
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ing properties one can hope for. This implies in particular that Gp(Top) is finitely complete
and cocomplete, and that the functor U has a left adjoint right inverse D : Gp → Gp(Top)
which associates with any group G the topological group (G,T 0G) where T
0
G is the discrete
topology and also a right adjoint right inverse F : Gp → Gp(Top) which associates with
any group G the topological group (G,T 1G) where T
1
G is the indiscrete topology. Therefore
the functor U is a fibration, or more precisely the pair (U,F ) is a fibered reflection (see
[6] for instance), a morphism f : (G,TG) → (G,T ′G′) being Cartesian when the following
square is a pullback:
(G,TG)
f
(G′, TG′)
(G,T 1G) f (G
′, T 1
G′)
This means that the only open sets of TG are the inverse images by f of the open sets of TG′ .
When this is the case, we shall denote by T fG this topology on G. It is clear that when f = i
is the inclusion of a subgroup, T iG is precisely the induced topology. The class of Cartesian
maps is stable by composition, by pullback and contains the homeomorphic isomorphisms.
If the map g = f.h and the map f are Cartesian, then the map h is Cartesian as well. Any
map f : (G,TG) → (G′, TG′) in Gp(Top) has a canonical decomposition f = fc.fi with
fc Cartesian and fiU -invertible (i.e. such that U(fi) is an isomorphism). Moreover, any
commutative square whose one pair of parallel arrows is Cartesian and whose image by U
is a pullback is itself a pullback. Let us first emphasize the following more specific result:
Proposition 1.1. Given any topological group (G,TG), the closure {1G} of the unit ele-
ment 1G is such that its induced topology is indiscrete. Accordingly the functor F : Gp →
Gp(Top) admits the functor C : Gp(Top) → Gp as a right adjoint, where C(G,TG) = {1G}.
Proof. It is well known that the closure {1G} is a normal subgroup of G. On the other
hand, any non-empty closed set W of {1G} is closed in TG. So if 1G ∈ W , then W = {1G}.
If not, there is an x ∈ W ⊂ {1G} such that x−1W is closed in {1G} and contains 1G, so
that x−1W = {1G}, and W = x.{1G} = {1G}. Accordingly, {1G} has no other non-empty
closed set but itself, and the induced topology is consequently indiscrete. So that we have
({1G}, T i) = F({1G}). Now take a group L and a continuous homomorphism l : (L,T 1L) →
(G,TG). Then l−1({1G}) is a non-empty closed set of TL, so that l−1({1G}) = L, and h
has a factorization h¯ :L → {1G}. 
So, we have here a remarkable sequence of three adjunctions: D  U  F  C.
On the other hand, the regular epimorphisms in the category Gp(Top) are just the sur-
jective open homomorphisms. The category Gp(Top) is regular since the regular epis are
stable by pullback, and any effective equivalence relation in Gp(Top) (i.e. any kernel pair)
has a coequalizer [2]. Given any regular epimorphism h : (G,TG) → (H,TH ) and any sub-
object (I, TI ) of (G,TG), the direct image of (I, TI ) by h is the pair (h(I ), T q ) whereh(I)
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ogy, namely such that V is an open set in T qh(I) if and only if h
−1(V ) is an open set in TI .
Finally, it is clear that a Cartesian surjective homomorphism is necessarily a regular epi-
morphism.
Lemma 1.1. If the map g = f.h is Cartesian and the map h is a Cartesian regular epimor-
phism, then the map f is Cartesian as well.
Proof. Consider the canonical decomposition f = fc.fi . Since g = f.h = fc.fi .h is
Cartesian, then the map fi.h is Cartesian. Since fi is U -invertible, fi is a monomorphism,
and, on the other hand, h and fi.h are Cartesian above the same surjective homomor-
phism. Accordingly fi.h is a regular epimorphism, and so is fi . Being a monomorphism
and a regular epimorphism, the map fi is an isomorphism, and the map f is Cartesian. 
1.1. Gp(Top) is protomodular
The category Gp(Top) is also protomodular [7] as any category Gp(E) with E finitely
complete. Recall that a finitely complete pointed category C is protomodular, provided
that, given any split epimorphism f , the pair (ker f, s) in the following pullback is jointly
strongly epic, see [8,9]:
K[f ] kerf X
f
1 αY Y
s
This means that, when we are given any monomorphism j : I  X, if the pullbacks of j
along ker f and s are both isomorphisms, then the map j is itself an isomorphism. In other
words, this means that, in C, the subobject 1X is the supremum of the pair (ker f, s) of
subobjects of X. One of the first striking consequence of the protomodularity of Gp(Top)
is the following:
Proposition 1.2. Given any continuous homomorphism f : (X,TX) → (Y,TY ), split by a
continuous homomorphism s in Gp(Top), a group homomorphism h :X → H is continuous
from (X,TX) to (H,TH ), if and only if the group homomorphisms h. ker f : (K[f ], T i) →
(H,TH ) and h.s : (Y,TY ) → (H,TH ) are continuous:
(K[f ], T i) kerf (X,TX)
f
h
(H,TH )
1 τY (Y,TY )
s
Proof. Let us consider the finest topology T on X which makes (X,T ) a topological group
and the maps ker f : (K[f ], T i) → (X,T ) and s : (Y,TY ) → (X,T ) continuous. This is
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such that the group homomorphisms h. ker f : (K[f ], T i) → (H,TH ) and h.s : (Y,TY ) →
(H,TH ) are continuous. In particular the map IdX : (X,T ) (X,TX) is continuous. It is
a monomorphism in Gp(Top), and its pullbacks along ker f and s are both isomorphisms,
as the commutativity of the following diagram shows immediately:
(K[f ], T i)
Id
(K[f ],T i )
kerf
(X,T )
IdX
s
(Y,TY )
Id(Y,TY )
(K[f ], T i) kerf (X,TX) s (Y,TY )
Consequently IdX is an homeomorphism, and T = TX . 
We have in particular:
Corollary 1.1. Given (G,TG) and (K,TK) two topological groups, a group homeomor-
phism h :G × K → H is continuous from the topological product (G,TG) × (K,TK) to
(H,TH ) if and only if the composite h.rG and h.lK are continuous, where lG :GG×K
and rK :KG × K are the canonical continuous injections.
1.2. Gp(Top) is homological
As a pointed, regular and protomodular category, Gp(Top) is homological, and all the
homological lemmas do hold inside it, see [9] and also [3]. An exact sequence is then a
sequence:
1 (K,TK) k (G,TG) h (H,TH ) 1
where h is a surjective open homomorphism and k is the (necessarily Cartesian) kernel
map of h. In other words TK = T kK and TH = T qH .
As a first homological aspect of the protomodularity of Gp(Top), let us mention:
Proposition 1.3. Consider the following morphism of exact sequence. Then the map f is
Cartesian if and only if the induced map φ is Cartesian:
1 (K,T kK)
k
φ
(G,TG)
h
f
(H,TH )
IdH
1
1 (K ′, T k′K ′) k′ (G
′, TG′) h′ (H,TH ) 1
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also Cartesian. Conversely, let us consider the following diagram induced by the canonical
decomposition f = fc.fi :
1 (K,T kK)
k
IdK
(G,TG)
h
fi
(H,TH )
IdH
1
1 (K,T kK) k¯
φ
(G,T
f
G ) h¯
fc
(H,TH )
IdH
1
1 (K ′, T k′K ′) k′ (G
′, TG′) h′ (H,TH ) 1
The map h¯ is a regular epi, since h¯.fi = h is a regular epi. On the other hand, since the
map fi is U -invertible, the image by U of the lower left-hand square is a pullback in Gp.
Since the pair (φ,fc) is a pair of Cartesian maps, this same square is itself a pullback in
Gp(Top). Accordingly the middle row is exact. By the short five lemma, the map fi is an
isomorphism in Gp(Top), and consequently an homeomorphism. Thus TG = T fG , and f is
Cartesian. 
From this, we can derive a characterization of the Cartesian regular epimorphisms:
Corollary 1.2. A regular epimorphism h : (G,TG) (G′, TG′) is Cartesian if and only if
the induced topology on Kerh is indiscrete.
Proof. The terminal map τH : (H,TH ) → 1 is Cartesian if and only if the topology TH is
indiscrete. Now consider the following diagram and apply the previous proposition:
1 (Kerh,T i) i (G,TG) h
h
(G′, TG′)
Id
1
1 1 (G′, TG′) Id (G
′, TG′) 1 
Remark 1.1. According to Proposition 1.1, in the following exact sequence, the map h is
Cartesian:
1 ({1G}, T i) i (G,TG) h (G/{1G}, T q) 1
Remark 1.2. This property of the map h transforms the trite observation on the (Hausdorff,
see [5,14]) topological group (G/{1G}, T q) that any non-empty open or closed set is the
union of its elements into the non-trivial fact that any non-empty open or closed set in
(G,TG) is necessarily an arbitrary union of cosets of {1G}.
In the same order of ideas we have:
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then f is Cartesian if and only ψ is Cartesian:
(X,TX)
f
h
(Y,TY )
ψ
(X′, TX′) h′ (Y
′, TY ′)
Proof. Only the “only if” part needs proof. Consider the following diagram with ψ =
ψc.ψi the canonical decomposition:
(X,TX)
f
h
(Y,TY )
ψ
ψi
(Y¯ , TY¯ )
ψc
(X′, TX′) h′ (Y
′, TY ′)
Then, ψi being U -invertible, the image by U of the lower quadrangle is a pullback in Gp.
Accordingly, since the parallel arrows ψc and f are Cartesian, the quadrangle in question
is itself a pullback. The map ψi.h is then a regular epi, and thus a strong epi, with ψi (as a
U -invertible map) a monomorphism. Thus ψi is an isomorphism in Gp(Top). 
Finally we have:
Theorem 1.1. Consider, in Gp(Top), the following morphism of exact sequences:
1 (K,T kK)
k
φ
(G,TG)
h
f
(H,TH )
ψ
1
1 (K ′, T k′K ′) k′ (G
′, TG′) h′ (H
′, TH ′) 1
(1) when φ and ψ are Cartesian, then f is Cartesian too,
(2) when f and ψ are Cartesian, then φ is Cartesian too,
(3) when f and φ are Cartesian, with moreover φ a regular epi, then ψ is Cartesian too.
Proof. Consider the following decomposition, where the lower right-hand square is a pull-
back:
1 (K,T kK)
k
φ
(G,TG)
h
f1
(H,TH )
IdH
1
1 (K ′, T k′K ′) k¯′
IdK ′
(P,TP )
h¯′
f2
(H,TH )
ψ
1
1 (K ′, T k′K ′) ′ (G
′, TG′) ′ (H ′, TH ′) 1k h
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epi. On the other hand there is a unique map k¯′ which completes the middle row as an exact
sequence and makes the upper left-hand square a pullback.
(1) If φ is Cartesian, then according to Proposition 1.3, the map f1 is Cartesian. Since
ψ is Cartesian, the map f2 is Cartesian as well, the Cartesian maps being stable by
pullback. Consequently f = f2.f1 is Cartesian.
(2) If ψ is Cartesian, then the map f2 is Cartesian as well. But since f = f2.f1 is Carte-
sian, the map f1 is Cartesian. Thus φ is Cartesian by Proposition 1.3.
(3) If φ is a Cartesian regular epi, then f1 is Cartesian, and a regular epi by Proposition 8
in [9]. Since f = f2.f1 is Cartesian, the map f2 is Cartesian. Then, according to the
previous proposition, the map ψ is Cartesian. 
2. Normal subobjects
Let us recall the following definition, see [8]:
Definition 2.1. Given any finitely complete category C, a map m : I → X is normal to an
equivalence relation R on X when m−1(R) is the indiscrete relation ∇I on I (i.e. the kernel
equivalence relation of the terminal map τI : I → 1) and when the following induced map
(I,∇I ) → (X,R) in the category Rel(C) of equivalence relations in C is fibrant:
I × I
p0 p1
m¯
R
d0 d1
I m X
This means that any of the commutative squares in the previous diagram is a pullback.
The fact that a map m is normal implies that m is necessarily a monomorphism. This defi-
nition is an intrinsic way to express that I is an equivalence class of R. Normal subobjects
are stable by intersection, pullback and product. When moreover the category C is proto-
modular, the map m is normal to at most one equivalence relation, and consequently the
fact to be normal, in this kind of category, becomes a property. When the category C is
pointed protomodular, the normal subobjects of an object X are in bijection with the in-
ternal equivalence relations on X [8]. When C is homological, the normal subobjects are
stable by direct image [3].
Given now any finitely complete category E, the category Gp(E) of internal groups
in E is clearly pointed (i.e. with a zero object). It was shown to be protomodular in [8],
and consequently it yields a natural notion of normal subobject. We shall present here
an internal group as an object X of E endowed with a division, i.e. a binary operation
d :X × X → X with a left unit e : 1 → X internally satisfying: d(e, x) = x, d(x, x) = e
and d(d(x, y), d(x, z)) = d(y, z). We shall need specifically the map d∗ :X ×X → X, in-
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of (X,d) in Gp(E), and let us consider now the following pullback:
Γ IX
j
δ
I
i
X × X
d
X
This is clearly internally corresponding to Γ IX = {(u, v) ∈ X × X | u−1.v ∈ I }.
Lemma 2.1. The map j :Γ IXX × X defines, on the object X in E, an internal equiva-
lence relation to which the subobject i : IX is normal in E.
Proof. Straightforward, thanks to the Yoneda embedding. 
Of course, there is no reason why Γ IX would be a subgroup of the group X × X. Cat-
egorically speaking, this is the case if and only if, in the category E, the left-hand side
vertical map in the following pullback is an isomorphism, where the map dX×X denotes
the division of the group product:
P Γ IX
j
Γ IX × Γ IX j×j (X × X)2 dX×X X ×X
Proposition 2.1. The subobject i : I  X is normal in Gp(E) if and only if Γ IX is a sub-
group of the group X ×X.
Proof. When Γ IX is a subgroup of the group X × X, then i : I  X becomes normal to
Γ IX in Gp(E). Conversely suppose i : I  X is normal to some equivalence relation R in
Gp(E). Then, thanks to the Yoneda embedding, we can check that R 
 R ∩Γ IX 
 Γ IX . 
There is also the following characterization, which is the internal translation, thanks to
the Yoneda embedding, of a well known result in the set theoretical context:
Proposition 2.2. The map i : I  X is normal in Gp(E) if and only if, in the category E
the left-hand side vertical map in the following pullback is an isomorphism:
J I
i
I × X
i×X X ×X d∗ X
Proof. This is the categorical translation of the fact that, for all (y, x) ∈ I ×X, the element
x−1.y.x must be in I . 
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diagonal s0 :XX × X is normal. We have also:
Corollary 2.1. An internal group X in E is Abelian if and only if d∗ = p0 :X × X → X.
3. Normal subobjects in the category of topological groups
Let us come back to the category Gp(Top). Let (X,TX) a topological group, and (I, TI )
a subobject in Gp(Top). Then the topology TI is such that the inclusion i : I X is con-
tinuous, but of course TI is not necessarily the topology T iI induced by TX on I . According
to the previous characterization, we obtain:
Proposition 3.1. A subobject i : (I, TI ) (X,TX) is normal in the category Gp(Top) if
and only if :
(1) the subgroup I is a normal subgroup of X,
(2) the map d∗ : I ×X → I ; (y, x) → x−1.y.x is continuous from the topological product
(I, TI )× (X,TX) to (I, TI ).
The second condition shows that there is no reason why the morphism Id : (X,T 0X) →
(X,TX) would be a normal subobject in general. Of course, any normal subgroup I of X
produces a normal subobject i : (I, T iI ) (X,TX) by means of the induced topology. But
any normal subobject is not necessarily of this form. For instance, as soon as I is a central
subgroup, we have d∗ = pI : I × X → I since x−1.y.x = y; accordingly, in this case,
any subobject of the form i : (I, TI ) (X,TX) is normal. So that, when A is an Abelian
group, and I is any subgroup, any continuous inclusion i : (I, TI ) (A,TA) produces a
normal subobject. This is the case in particular for IdA : (A,T 0A) → (A,TA). This example
is particularly interesting since it emphasizes, provided TA is not discrete, that there are,
in Gp(Top), normal subobjects which are not kernels. We have the following obvious, but
useful characterization:
Proposition 3.2. A monomorphism i : (I, TI ) (X,TX) in Gp(Top) is a kernel if and only
if it is normal and Cartesian.
We have also the following remarkable observation:
Proposition 3.3. Consider a normal (to the equivalence relation (R,TR)) subobject
i : (I, TI ) (G,TG) in Gp(Top). Then {1I } is a normal subgroup of {1G}, and the clo-
sure {1R} with respect to TR is equal to {(u, v) ∈ {1G}2 | u−1.v ∈ {1I }}.
Proof. It is a straightforward consequence of the fact that the functor C : Gp(Top) → Gp,
having a left adjoint, is left exact, and consequently preserves the pullbacks and the normal
subobjects. 
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Given a non-Abelian topological group (G,TG) and any normal subgroup I of G, it
would certainly be interesting to measure to what extend, besides the induced topology, it
is possible to endow I with a topology TI in such a way that the inclusion i : (I, TI )
(G,TG) produces a normal subobject in Gp(Top). We shall achieve this in a very particular
and simple situation which will prepare the construction of the counterexample given in
the next section:
Definition 4.1. A topological group (G,TG) is said to be clopen when any closed subset is
open.
More generally, a topological space (X,T ) will be said clopen when any closed subset is
open. The topology of such a space is always produced by a partition of the set X. Indeed,
the only connected clopen topological spaces are the indiscrete ones; on the other hand, the
connected component of any point x of a clopen topological space (X,T ) being closed, it is
also open, and consequently the connected component of x is the smaller open and closed
set containing x. As a consequence the full subcategory Topco of Top whose objects are
the clopen topological spaces is isomorphic to the category Rel whose objects are the pairs
(X,R) of a set and an equivalence relation, and whose maps are the applications which
preserve the relations. Clearly the subcategory Topco is stable (inside Top) under limits
and Cartesian maps. Accordingly the full subcategory Γco of Gp(Top) whose objects are
the clopen topological groups is nothing but Gp(Topco) and is consequently protomodular,
and stable (inside Gp(Top)) under limits and Cartesian maps (i.e. when f : (G,TG) →
(G′, TG′) is Cartesian and (G′, TG′) clopen, then (G,TG) is clopen). Moreover since Γco =
Gp(Topco) = Gp(Rel) = Rel(Gp) (i.e. the category of internal equivalence relations in Gp),
it is regular. So the category Γco is homological. On the other hand, any discrete topological
group (G,T 0G) and any indiscrete topological group (G,T
1
G) is in Γco. Straightforward also
is the following characterization:
Proposition 4.1. The following conditions are equivalent:
(1) the topological group (G,TG) is clopen,
(2) the closure {1G} open,
(3) the quotient topology on G/{1G} is discrete.
Proof. Clearly the condition (1) implies the condition (2). Let us suppose (2). Since the
quotient map h is open, the set h({1G}) = {1} is open, and the quotient topology is discrete.
Let us suppose (3). We know, by Remark 1.1, that the map h : (G,TG) (G/{1G}, T q)
is always Cartesian. If the quotient topology is discrete, then the quotient is clopen.
Now the clopen topological groups are stable under Cartesian maps, and (G,TG) is itself
clopen. 
A topological group (G,TG) is Hausdorff if and only if the closure {1G} = {1G}. Con-
sequently the only Hausdorff clopen topological groups are the discrete ones. The clopen
topological groups are thus given by a pair (G,K) of a group G and a normal subgroup K ,
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In that way, the topology ΘKG appears as the finest topology on G such that {1G} = K . Ac-
tually we have more:
Proposition 4.2. The inclusion functor I :Γco → Gp(Top) has a right adjoint
Co : Gp(Top) → Γco, i.e. is a full coreflective embedding.
Proof. Let (G,TG) be a topological group. Then Remark 1.2 precisely means that the
following map is continuous:
(
G,Θ
{1G}
G
) Id−→(G,TG)
This map is the required universal arrow. Indeed, let h : (H,ΘKH ) → (G,TG) be a contin-
uous homomorphism. Then h−1({1G}) is a closed set in H containing the unit element.
Accordingly we have K ⊂ h−1({1G}), so that we have a continuous homomorphism
h¯ : (H,ΘKH ) → (G,Θ{1G}G ). 
We shall prove now a first result concerning the normal subobjects in Γco.
Proposition 4.3. Let be given a normal subobject i : (I, TI ) (G,TG) in Gp(Top). If
(I, TI ) and (G,TG) are in Γco, then i is normal in Γco.
Proof. Let (R,TR) the equivalence relation in Gp(Top) to which i is normal. We must
check that TR is in Γco. Since the functor Co : Gp(Top) → Γco, having a left adjoint, is left
exact, the map i is also normal to the image (R¯, TR¯) of (R,TR) by Co. But Gp(Top) is
protomodular, so that (R,TR) 
 (R¯, TR¯). 
We have now an easy characterization of the normal subobjects in Γco.
Proposition 4.4. A subobject i : (I,ΘJI ) (G,ΘKG ) in Γco, is normal if and only if J is a
normal subgroup of G, such that [I,K] ⊂ J ⊂ I ∩ K .
Proof. We shall work more easily in Rel(Gp). So let i : (I, J ) (G,K) be a subobject
normal to the equivalence relation (R,S) on (G,K). Since the functors U and C are left
exact, then we have necessarily R = Γ IG and S = Γ JK . And consequently Γ JK is a normal
subgroup of Γ IG. This means that we have: (x, y)−1.(a, b).(x, y) ∈ Γ JK for any (a, b) ∈ Γ JK
and any (x, y) ∈ Γ IG. In other words, this means that x−1.a−1.x.y−1.b.y ∈ J , provided that
a ∈ K , b ∈ K , a−1.b ∈ J and x−1.y ∈ I . In particular, taking x = y ∈ G, a = 1 and b ∈ J ,
we obtain x−1.b.x ∈ J which means that J is a normal subgroup of G. Taking a = b ∈ K ,
x = 1 and y ∈ I , we obtain b−1.y−1.b.y ∈ J which means [I,K] ⊂ J .
Conversely suppose that J is a normal subgroup of G and [I,K] ⊂ J ⊂ I ∩ K . We are
going to show that i : (I, J ) (G,K) is normal to (Γ IG,Γ JK ). Clearly i : IG is normal
to Γ IG, and j :J  K is normal to Γ JK . It remains to show that (Γ IG,Γ JK ) ∈ Γco, i.e. that
Γ JK is a normal subgroup of Γ
I
G. But we have:
z = x−1.a−1.x.y−1.b.y = (x−1.a−1.b.x).(x−1.b−1.x.y−1.b.y.x−1.x).
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b−1.(x.y−1).b.(y.x−1) ∈ [I,K] since b ∈ K and y.x−1 ∈ I . But we have [I,K] ⊂ J ,
whence b−1.(x.y−1).b.(y.x−1) ∈ J and (x−1.b−1.x.y−1.b.y.x−1.x) ∈ J . Consequently z
is certainly in J . 
So, given a clopen topological group (G,ΘKG ) and any normal subgroup I of G, there
are as many clopen topological normal subobjects of (G,ΘKG ) above I as normal sub-
groups J of G such that [I,K] ⊂ J ⊂ I ∩K . The associated normal subobject with this J
is the continuous inclusion i : (I,ΘJI ) (G,ΘKG ).
5. Commutator theory in Gp(Top)
Any protomodular category C is Mal’cev [8], and as soon as it is finitely complete and
regular, it admits an intrinsic commutator theory [10]. When moreover C is exact, then,
for any pair of equivalence relations (R,S) on an object Z of C, the following classical
inclusion [R,S] ⊂ R∩S holds (again [10,11]). We shall now exhibit the category Gp(Top)
as a counterexample to this inclusion in the regular (but non-exact) context.
The category Gp(Top) is not only protomodular, but also strongly protomodular, so that
the commutator theory for the topological congruences reduces to the one for the nor-
mal subobjects [11]. Let us recall that two subobjects i :X G and j :Y  G com-
mutes in a pointed protomodular category C when there exists a (necessarily unique) map
ϕ :X × Y → G making the following diagram commute:
X
lX i
X × Y ϕ G
Y
rY j
Corollary 1.1 anticipated the fact that there were no peculiar topological informations
with respect to the commutation of subobjects in Gp(Top). Indeed, let a topological group
(G,TG) and two normal subobjects i : (X,TX) (G,TG), j : (Y,TY ) (G,TG) be given.
Proposition 5.1. The pair (i, j) commutes in Gp(Top) (see [10]) if and only if the pair
(i, j) commutes in Gp, i.e. if and only if we have x.y = y.x for any pair (x, y) ∈ X × Y .
Proof. Thanks to the Corollary 1.1, it is straightforward that, if the pair (i, j) commutes
in Gp, the induced group homomorphism θ :X × Y → G; (x, y) x.y is necessarily
continuous from the topological product (X,TX)× (Y,TY ) to (G,TG). 
Let us translate, however, the general construction of the commutator. Let a topological
group (G,TG) and two normal subobjects (X,TX), (Y,TY ) be given. First, consider the
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arrows, and where lX and rY denote the (continuous) canonical inclusion in the product:
(X,TX)
lX
φ¯X
i
(X,TX)× (Y,TY )
φ¯
(Q[X,Y ], T )
ψ¯
(G,TG)
(Y,TY )
rY
φ¯Y j
Clearly the two maps φ¯X and φ¯Y are completely determined by the pair (φ¯, ψ¯). Moreover
the map φ¯ induces, for the pair ((ψ¯(X),T q
ψ¯(X)
), (ψ¯(Y ), T
q
ψ¯(Y )
)) of the direct images by ψ¯ ,
a continuous commutation. On the other hand, the map ψ¯ is a regular epimorphism which
measures the lack of commutation of the pair (i, j). More precisely we have following
result, [10]:
Proposition 5.2. The map ψ¯ is the universal regular epimorphism in the category C =
Gp(Top) which makes the images of the pair (i, j) continuously commute. The map ψ¯ is
an isomorphism if and only if the pair (i, j) commutes continuously.
Secondly, set the following definition:
Definition 5.1. The topological commutator of the pair (i, j) is the kernel of the map ψ¯ in
Gp(Top) and is denoted by [(X,TX), (Y,TY )].
The lack of topological specification with respect to the commutation of subobjects in
Gp(Top) (see Proposition 5.1) is reflected by the following observation: since the functor
U is both left and right exact, we have certainly:
[
(X,TX), (Y,TY )
] = ([X,Y ], T i)
where T i is the topology induced by TG on [X,Y ]. All the major properties of the classical
commutator are satisfied [10], in particular:
(1) the commutativity,
(2) the monotony in each variable,
(3) for any regular epimorphism h, we have:
h
([
(X,TX), (Y,TY )
]

[(
h(X),T
q
h(X)
)
,
(
h(Y ),T
q
h(Y )
)])
.
However, in Gp(Top), we shall have no longer something analogous with [X,Y ]X ∩ Y
which, in general, requires the fact that the homological category C in question is not only
regular, but also Barr exact [10]:
Proposition 5.3. In the homological category Gp(Top) the commutator of two normal sub-
objects is not embedded in their intersection.
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normal subobject Id : (G,T 0G) = (G,Θ{1G}G ) (G,ΘZG) in Gp(Top). Then: (G,T 0G) ∩
(G,T 0G) = (G,T 0G), while: [(G,T 0G), (G,T 0G)] = ([G,G], T i) = ([G,G],ΘZ∩[G,G][G,G] ).
So, if Z ∩ [G,G] is not equal to {1G}, the inclusion i : [G,G]G is clearly not con-
tinuous from the non-discrete topological group ([G,G],ΘZ∩[G,G][G,G] ) to the discrete one
(G,T 0G).
Now take the orthogonal group O2(R), then its centre Z is reduced to {Id,−Id}, while
the commutator [O2(R),O2(R)] is O+2 (R). Then the group G =O2(R) realizes the previ-
ous situation, since we have Z ∩ [O2(R),O2(R)] = Z = {Id}. 
6. The case of topological semi-Abelian algebras
The semi-Abelian categories are the finitely cocomplete pointed exact protomodular
categories, see [16]. The pointed protomodular varieties are necessarily semi-Abelian, and
were characterized in [13]:
Proposition 6.1. A variety V is semi-Abelian if and only if its theory has a unique
constant 1, binary terms t1, . . . , tn, and (n + 1)-ary term t satisfying the identities
t (x, t1(x, y), . . . , tn(x, y)) = y and ti (x, x) = 1 for each i = 1, . . . , n.
Of course the variety Rg of rings or any variety V of Ω-groups [15] is semi-Abelian.
The notion of topological semi-Abelian algebra has been introduced in [4] as a topological
model of a given semi-Abelian theory T (= model of the theory T provided with a topology
which makes all the operations of the theory continuous). It is then natural to investigate
whether the previous results on topological groups extend to topological semi-Abelian
algebras, with first of all the category Rg(Top) of topological rings in mind. The answer is
positive except for the characterization of normal subobjects.
6.1. General setting
Let TopT be the category of topological algebras of a semi-Abelian theory T. Then
again the category TopT is finitely complete and cocomplete, pointed, regular and pro-
tomodular [4]. Let U : TopT → SetT denote the forgetful functor. Then, on the model of
Gp(Top) this functor is topological [4]. Consequently it has a left adjoint right inverse
D : SetT → TopT which associates with any algebra A the topological algebra (A,T 0A)
where T 0A is the discrete topology. It has also a right adjoint right inverse F : SetT → TopT
which associates with any algebra A the topological algebra (A,T 1A) where T
1
A is the in-
discrete topology. It is a fibration, and this determines in TopT a notion of Cartesian map
which satisfies exactly the same properties as the Cartesian maps in Gp(Top). We have also
an analogue of Proposition 1.1:
Proposition 6.2. Given any topological algebra (A,TA), the closure {1A} of the unit ele-
ment 1A is a normal subalgebra such that its induced topology is indiscrete. Accordingly
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C(A,TA) = {1A}.
Proof. The fact that the closure {1A} is a normal subalgebra of A is shown in [4]. On the
other hand, any non-empty closed set W of {1A} is closed in TA. If 1A ∈ W , then W = {1A}.
If not, there is an a ∈ W ⊂ {1A}. Consider now the following map: ϕ : {1A} → {1A} defined
by:
ϕa(x) = t
(
1, t1(x, a), . . . , tn(x, a)
)
.
We have then: ϕa(1) = a and ϕa(a) = t (1, t1(a, a), . . . , tn(a, a)) = t (1,1, . . . ,1) = 1.
Moreover the map ϕa : ({1A}, T i) → ({1A}, T i) is continuous. Then ϕ−1a (W) is a closed
set of {1G} which contains 1A. Accordingly it is equal to {1G}. Thus a ∈ ϕ−1a (W), and
ϕa(a) = 1A ∈ W . So that W = {1A}. Consequently, {1A} has no other non-empty closed
set but itself, and the induced topology is consequently indiscrete. In these conditions, we
have ({1A}, T i) = F({1A}).
Now take an algebra L and a continuous homomorphism l : (L,T 1L) → (A,TA). Then
l−1({1A}) is a non-empty closed set of TL, so that l−1({1A}) = L, and h has a factorization
h¯ :L → {1A}. 
Since SetT is pointed and protomodular, there is a bijection between the normal subal-
gebras of A and the congruences on A. Let us denote by RHfA the congruence associated
with {1A}, we shall need it below.
The functor U : TopT → SetT being topological, Proposition 1.2 and Corollary 1.1 still
hold for semi-Abelian algebras.
Because of the categorical method of the proofs, we have also the analogue of Propo-
sitions 1.3 and 1.4, of Theorem 1.1, Corollary 1.2 and Remark 1.1. This is the case also
for Proposition 3.2 and the first part of Proposition 3.3. The analogue of Remark 1.2 is the
following:
Remark 6.1. Given any topological semi-Abelian algebra A, any of its non-empty open or
closed sets is necessarily an arbitrary union of equivalence classes of the congruence RHfA .
It is straightforward to define the clopen topological semi-Abelian algebras, and we shall
denote TopTco, the full subcategory of TopT determined by these objects. The analogue of
Proposition 4.1 (characterization), Proposition 4.2 and Proposition 4.3 still hold. The only
Hausdorff clopen topological semi-algebras are the discrete ones. The question is now: is
there an analogue of Proposition 4.4. The aim of this last section is to show that the answer
is positive.
Again, since in the semi-Abelian category SetT normal subobjects of an algebra A are
in bijection with congruences on A and since the characterization given by Proposition 4.1
still holds, the category TopTco is equivalent to the category Rel(SetT) of congruences in
SetT (given a congruence R on A, we shall denote by ΘRA the associated clopen topology
on A which has the arbitrary unions of equivalence classes of R as open sets).
So let us begin, more generally, to investigate what are the normal subobjects in the
category Rel(C) when C is pointed protomodular. An object in Rel(C) is a pair (Z,S) of
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(Z′, S′) is given by a map f :Z → Z′ in C such that S ⊂ f−1(S′). An equivalence relation
(R,W) (Z,S) × (Z,S) in Rel(C) is just a double equivalence relation in C:
W
dS0 d
S
1
dR0
dR1
R
d0 d1
S
δ0
δ1
Z
The normal subobject associated with it is the following levelwise normal morphism in
Rel(C), where x :XZ is normal to R and l :L S is normal to W :
L
d0 d1
l
S
δ0 δ1
X x Z
Conversely, thanks to the bijection between normal subobjects and internal equivalence
relations, any levelwise normal morphism in Rel(C) allows to restore a double equivalence
relation and to produces a normal subobject in Rel(C).
On the other hand, given any pair (R,S) of equivalence relations on Z, there is a
larger double equivalence relation RS, called the parallelistic double relation associ-
ated with (R,S) and given by the inverse image of the equivalence relation S × S on
Z × Z along the map (d0, d1) :R Z × Z. When C = Set, we get RS = {(x, y, t, z) |
xRy, tRz, xSt, ySz}, a situation we shall represent the following way:
x S
R
t
R
y
S
z
The normal subobject in Rel(C) associated with the equivalence relation (R,RS) on
(Z,S) is the following map where the map x is normal to R:
x :
(
X,x−1(S)
) = (X,x−1(R ∩ S)) (Z,S).
Let us recall now the following result of [12]:
Theorem 6.1. Let C be a protomodular category, R and S two equivalence relations on Z,
and x :X Z the normal subobject associated with R. Then R and S are connected (i.e.
[R,S] = 0) if and only if the map X x−→Z s0,S−→S is normal in C, where s0,S denotes the
subdiagonal determining the reflexivity of the equivalence relation S.
We have then the following corollary:
Corollary 6.1. Suppose C pointed protomodular, then [R,S] = 0 if and only if the subob-
ject x : (X,X) (Z,S) is normal in Rel(C), where X is the discrete relation on X.
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tor between R and S, and Ch[p] the Chasles double relation on Z associated with the
connector p:
Ch[p]
d0 d1
d0
d1
S
d0 d1
R
d0
d1
Z
Recall that the elements of Ch[p] are those elements of (x, y, t, z) ∈ RS which satisfy
t = p(x, y, z).
Then a levelwise argument shows that the map x : (X,X) (Z,S) is normal to
(R,Ch[p]) in the category Rel(C).
Conversely suppose x : (X,X)  (Z,S) is normal in Rel(C). This implies that
X
x−→Z s0,S−→S is normal in C, and accordingly that [R,S] = 0. 
We can now step forward:
Proposition 6.3. Let C be a finitely cocomplete exact pointed protomodular category. Let
R be an equivalence relation on Z, and x :X Z be its associated normal subobject. Let
S be an other equivalence relation on Z. Then any equivalence relation T on Z such that
[R,S] ⊂ T ⊂ R ∩ S produces a normal subobject x : (X,x−1(T )) (Z,S) in Rel(C),
above the map x :XZ in C.
Proof. Consider ρ :Z  Z/T the quotient map. Then the direct image ρ(x) :ρ(X)
Z/R of the subobject x by ρ is normal to the direct image ρ(R). Since we have [R,S] ⊂ T ,
the equivalence relations ρ(R) and ρ(S) on Z/T are connected. Thus, according to the pre-
vious corollary, the map ρ(x) : (ρ(X),ρ(X)) (Z/T ,ρ(S)) is normal in Rel(C). Now,
since we have T ⊂ R ∩ S, we have also R = ρ−1(ρ(R)) and S = ρ−1(ρ(S)). But, in
any protomodular category, the normal subobjects are stable under inverse image, so that
x : (X,R[ρ.x]) (Z,S) is normal in Rel(C), where R[ρ.x] denotes the kernel equiva-
lence relation of the map ρ.x. But we have also: R[ρ.x] = x−1(R[ρ]) = x−1(T ). 
In order to prove the converse, we need to introduce the following construction. Con-
sider any double equivalence relation on Z in Rel(C), with C finitely complete:
W
dS0 d
S
1
dR0
dR1
R
d0 d1
S
δ0
δ
Z1
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(x, y, t, z) = d(w) ∈ Z4:
x S
R
t
Rw
y
S
z
Definition 6.1. We call contraction of the double equivalence relation W the relation W
on Z given by the following pullback:
W W
d
Z × Z
(Id,s0.p1)(Z × Z)2
In Set, we have x Wy if and only if:
x S
R
y
Rw
y
S
y
Example 6.1. When W = RS, then W = R ∩ S. When [R,S] = 0, then Ch[p] = X .
Proposition 6.4. The contraction W is an equivalence relation on Z, such that W ⊂ R∩S.
Moreover it determines a fibrant map in Rel(C):
RW
d
W
0 d
W
1
i¯S
W
dS0 d
S
1
W iS S
Proof. The first assertion is straightforward. The second assertion means that any of the
previous commutative squares is a pullback. Thanks to the Yoneda embedding, we only
have to prove the assertion in the category Set. Consider an element (x, y, t, z) ∈ RW .
Then we have:
t
S
R x
S
R y
S
R z
Sw w
t t z z
R R R
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above R:
x
S
R
t
R z R y
Sw w w
t
R
t
R
z
R
z
and we can then fulfil the following square which produces the map i˜S :
x R
S
y
Sw
t
R
z
It remains to check that the diagrams in the statement are pullbacks by a routine calcula-
tion. 
Corollary 6.2. Let x :X Z be the normal subobject associated with R, then the map
x−1(W) x˜ W jSS is normal to W .
Proof. The inverse image x−1(W) is given by the following pullback:
x−1(W) x˜
(d0,d1)
W
(d0,d1)
X × X
x×x Z × Z
The map x is normal to R. Accordingly x × x is normal to R × R and the map x˜ to the
inverse image of R × R along (d0, d1) : W  Z × Z, which is RW . Consequently the
left-hand side morphism of equivalence relations is fibrant:
(x−1(W))2
d0 d1
RW
d
W
0 d
W
1
W
dS0 d
S
1
x−1(W)
x˜
W jS S
while, by the previous proposition, the right-hand side morphism is fibrant; so that the
composite is fibrant, and the assertion is proved. 
Whence:
Theorem 6.2. Let C be a pointed exact protomodular category. Let R be an equivalence
relation on Z, and x :X Z be its associated normal subobject. Let S be any other
equivalence relation on Z. Then there are as many normal subobjects to (Z,S) in Rel(C)
above x as equivalence relations T on Z such that [R,S] ⊂ T ⊂ R ∩ S.
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x : (X,D)  (Z,R) is a normal subobject in Rel(C). Let us denote by (R,W) the
equivalence relation to which it is normal. Let us set T = W . Then, by Corollary 6.2
and the bijection between normal subobjects and internal equivalence relations, we have
D 
 x−1(W) = x−1(T ). It remains to show that [R,S] ⊂ T = W . For that let us consider
the map ρ :Z  Z/W and the following diagram where ρ(x) is the direct image of x
(which is normal to ρ(R)), and ρ(S) is the direct image of the equivalence relation S:
x−1(W)
x˜
d1
d0
X
x
ρX
ρ(X)
ρ(x)
W
d1
d0
jS
Z
s0
ρ Z/W
s0
S ρS ρ(S)
The map ρ(x) being a monomorphism, the kernel equivalence relation of ρX is x−1(W).
Let us set ρ¯ = ρX.d0 = ρX.d1. This is a regular epi. Now, the monomorphism jS.x˜ is
normal (to W ), and we have (s0.ρ(x)).ρ¯ = ρS.(jS.x˜). This means that the direct image
of this monomorphism along the map ρS is thus s0.ρ(x). This last map is normal itself,
since it is the direct image of the normal monomorphism jS.x˜ (see the previous corollary).
Consequently ρ(R) and ρ(S) are connected by Theorem 6.1. By the universal property of
[R,S], we have then [R,S] ⊂ R[ρ] = W .
It remains to check that the construction given here is the inverse of the one given
in Proposition 6.3. This will be a straightforward consequence of the following observa-
tion. 
Proposition 6.5. Let C be a protomodular category, and x :X Z a normal monomor-
phism (to R). Then taking the inverse image along x of equivalence relations smaller than
R is injective.
Proof. Let D1 and D2 be two equivalence relations on Z such that x−1(D1) 
 x−1(D2),
and Di ⊂ R for i ∈ {1,2}. Then the following diagram in Rel(C) is a pullback since the
two horizontal arrows are inverse images:
(X,x−1(Di))
x
(Z,Di)
(X,∇X) x (Z,R)
But the lower map is fibrant (x normal to R), so that the upper map is fibrant too. Now C is
protomodular, and the fibrant maps in Rel(C) are co-Cartesian with respect to the forgetful
functor Rel(C) → C, see [12]. Accordingly D1 
 D2. 
Now, given any semi-Abelian theory T, we can assert the result we were aiming for:
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mal subalgebra x :X Z (to R), there are as many clopen topological normal subobjects
of (Z,ΘSZ) above x as congruences T such that [R,S] ⊂ T ⊂ R ∩ S. The associated nor-
mal subobject with this T is the map x : (X,Θx−1(T )X ) (Z,ΘSZ).
Proof. Straightforward, considering first that the category TopTco is isomorphic to the cat-
egory Rel(SetT), and that SetT is pointed, exact and protomodular, and then applying
Theorem 6.2. 
6.2. The normal subobjects in the category TopT
The characterization of the normal subobjects in TopT is clearly dependent on the char-
acterization of the normal subalgebras in the semi-Abelian category SetT, which is done
by the Theorem 3.2.13 in [3] and is far from being easy. But, for the classical algebraic
theories, with very simple characterization of normal subalgebras, this is fairly accessi-
ble. We shall briefly sketch here the case of topological (non-unitary) commutative rings,
mimicking what we did for the topological groups. Of course a normal subalgebra in the
category CMRg of commutative rings is an ideal.
Let E be any finitely complete category, and CMRg(E) the category of internal commu-
tative rings in E. We shall present here an internal commutative ring as an object X of E
endowed with a subtraction δ :X × X → X (rather than an addition) and a multiplication
µ :X × X → X. Let (I, δI ,µI ) be any subring of (X, δ,µ), and let us consider now the
following pullback:
Γ IX
j
δ¯
I
i
X × X
δ
X
This is clearly internally corresponding to Γ IX = {(u, v) ∈ X × X | v − u ∈ I }.
Lemma 6.1. The map j :Γ IX X × X defines, on the object X in E, an internal equiv-
alence relation which actually lies in the category Ab(E) of internal Abelian groups in C
and to which the subobject i : IX is normal in Ab(E).
Of course, there is no reason why Γ IX would be a subring of the ring X × X. Categori-
cally speaking, this is the case if and only if, in the category E, the left-hand side vertical
map in the following pullback is an isomorphism, where the map µX×X denotes the mul-
tiplication of the product ring:
P Γ IX
j
Γ IX × Γ IX j×j (X × X)2 µX×X X × X
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subring of the product ring X ×X.
There is also the following characterization, which is the internal translation, thanks to
the Yoneda embedding, of a well-known result in the set theoretical context:
Proposition 6.7. The map i : I X is normal in CMRg(E) if and only if, in the category
E the left-hand side vertical map in the following pullback is an isomorphism:
J I
i
I × X
i×X X ×X µ X
Proof. This is the translation of the fact that, for all (y, x) ∈ I × X, the element y.x must
be in I . 
Let us pass to the category CMRg(Top). Let (X,TX) a topological ring, and (I, TI ) a
subobject in CMRg(Top). Then TI is such that the inclusion i : I  X of rings is contin-
uous, but, again, TI is not necessarily the topology T iI induced by TX on I . According to
the previous characterization, a subobject i : (I, TI ) (X,TX) is normal in CMRg(Top) if
and only if:
(1) the subring I is an ideal of X,
(2) the map µ∗ : I × X → I ; (y, x) → y.x is continuous from the topological product
(I, TI )× (X,TX) to (I, TI ).
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